In this paper, we investigate the use of layered space-time, also known as Vertical-Bell Laboratories Layered Space-Time (V-BLAST) scheme, for multiuser detection in fading channels. The multiple transmit antennas in V-BLAST are treated as individual mobile station transmitters, while the base station consists of multiple receive antennas. In the proposed system, users are organized in groups and allocated a unique spreading code within the same group. Using these codes, we are able to separate the different groups, and layered space-time algorithm is then invoked to further remove the remaining interference between users. A decorrelator-type receiver based layered space-time detection is proposed for both complex and real constellations. For the latter case, we derive our receiver after evaluating and comparing the performance of two decorrelators based on the V-BLAST scheme. It is demonstrated that a significant performance improvement and increase in system capacity is obtained with very low spreading factors. Further results are also introduced by considering reduced complexity receivers based on Serial Layered Space-time Group Multiuser detection, and Parallel Layered Space-time Group Multiuser detection.
transmission, the proposed architecture inherits the ability to support CDMA applications, especially those proposed in the next generation CDMA systems. For instance, users could use variable spreading factors, constellations and powers for transmission, in order to increase their data rates and meet their QoS requirements.
To achieve good system performance, appropriate receivers structures must be designed. We propose in this paper various decorrelator-type receivers structure based on layered space-time detection. First, the transmitted informations are retrieved regardless of the groups from which they are sent. A significant performance improvement and increase in system capacity is obtained for very low spreading factors.
We also explore enhancements to modulation based on the use of real constellation. Our approach shows that the limit of the channel capacity can be doubled for real constellations. We will provide in this paper a mathematical analysis of this case, and further simulation results will be given to demonstrate and verify the performance improvement. Then, we focus on reducing system computational complexity.
To do so, we consider the application of the layered space-time algorithm within each group. Cases of serial and parallel multiuser detection are considered. It is shown that this complexity reduction in the system design will require an increase in the spreading factor to achieve better performance.
In [21] , a decorrelating decision feedback multiuser detector for CDMA systems was proposed. When the number of users per group is one and the receiver presents only one antenna, the system described in [21] becomes very similar to the one presented here. This is because the decision feedback multiuser detector is almost the same as V-BLAST. The main difference between these two schemes is the interference cancellation ordering approach. The interested reader is referred to the work by G. Ginis and M. Cioffi [22] , which compares the differences between V-BLAST and the system proposed in [21] .
The organization of this paper is as follows. We provide in Section II, a system model and a full description of the layered space-time multiuser detection process. In Section III, we consider the special case of real constellations based modulations and derive two decorrelator-type detectors based on V-BLAST. We then analyze their performance mathematically. The impact of these decorrelators on the proposed multiuser detector is also considered. In Section IV, we present various simulation results and discuss the application areas of the proposed systems. Further results are given in Section V where system complexity is reduced by proposing two other multiuser decorrelators based on serial and parallel group multiuser detection. We also investigate their performance using various parameters and analyze the tradeoff between bandwidth expansion and QOS requirements. Finally, Section VI concludes this paper.
II. LAYERED SPACE-TIME MULTIUSER DETECTORS
The configuration of our system is shown in Figure 1 where signals from K users, each with a single antenna, pass through a fading channel to a receiver with P antennas. We associate each of the users to a group g and in total there are G groups. Each group has M users so that the total number of users √ N and randomly generated with equal probability. We note that S contains only G different random spreading codes S 1 , · · · , S G , each one is used by the M users of its corresponding group. Hence,
. These signals pass through the fading channel that we assume to be frequency non-selective, to the base station, and we write the
where h p is the 1 × K channel coefficient vector between the pth receive antenna and all K users.
The received baseband signal for a given symbol period at the pth antenna, following a chip-matched filter, can then be written as a complex N -vector
where C p denotes the complex diagonal channel matrix for the pth antenna, diag(h p ). The noise vector n p is a complex-valued zero-mean Gaussian random N -vector with a covariance matrix σ 2 I N , in which
For simplicity, transmitted data is radiated using the same constellation, spreading factor N , and power for transmission. In addition, antennas for transmissions, or users, are assumed to be far enough form each other, such that channel links are independent. Perfect channel estimation and symbol synchronization, are also assumed. We note that [23] details the impact of asynchronous transmission, and similar approaches could be used in such case for our system.
A. Receiver Structure
We consider a decorrelator-type receiver [10] based layered space-time detection scheme as a spacetime multiuser detection in the uplink of transmission systems as shown in Figure 1 . The detection process consists of performing a combined space code matched filtering operation to separate between the groups. Layered space-time decorrelation is then invoked in order to eliminate the remaining interuser interference. Users are ranked according to their SNR's following the space-code matched filter.
This implies that two successive detected users do not have to belong to the same group. The considered receiver structure consists, thus, of a bank of P correlators matched to the K path spreading codes.
. . .
Rich scattering wireless channel (H)
. . The correlator output for the kth user at the pth antenna is thus weighted by the conjugate of the array/channel coefficient, assuming perfect channel estimation.
Let Y MU be the sufficient statistic K vector obtained after the space-code matched filter with respect to the codes and the channel coefficients [10] . Y MU can be written as
B. Detection Algorithm
The detection algorithm is based on an iterative process and we use i to denote the ith iteration.
The received vector is indexed by i to give r p (i) and similarly the space-code cross-correlation channel matrixR MU (i) and the sufficient statistic vector Y MU (i). The iterative process consists of three steps;
namely, the computation of the nulling vector, signal estimation, and interference cancellation.
The first step consists of computing the pseudo-inverse [25] of the space-code cross-correlation matrix,
Users are then ranked according to their post detection SNR's. The user with the highest SNR, defined by
is then selected. The notation "R (i,j) " denotes the element of the matrix R at the ith row and jth column, and "||.||", the conventionnal 2-norm [26] . We note that, since all users have the same transmission power,
The nulling vector corresponding to this user is the k i th column of R MU (i)
. The slicer output vector, z k i , and the estimated symbol,b k i , are computed such that
Finally, interference cancellation is performed and the detected symbol is taken out to give
X p (i + 1) andR MU (i + 1) are obtained, respectively, by striking out the k i th column of X p (i) and the k i th row and column ofR MU (i). The sufficient statistic vector for the (i + 1) iteration is then defined by
, where "(.) j " denotes the operation of striking out the jth row of the matrix "(.)". This iterative process is continued until all K signals are detected.
III. LAYERED SPACE-TIME MULTIUSER DETECTION FOR REAL CONSTELLATIONS
For the particular case of real constellations, some special properties are of interest and these lead to a doubling of the expected system capacity and spectrum efficiency. We consider here the case of synchronous BPSK data signals and denote by "r" the "real" operator used to retrieve the real part of the data constellation, and by "T" the transformation used to detect the transmitted signals. In this paper, the operator "T" is non-linear and consists of the layered space-time signal processing described in Section II.
We are interested in the effect of the order of the real operator r and the transformation T on system performance. Specifically, we wish to know if we should use the operator r before or after T.
In other words, should we consider the real part of the sufficient statistic vector before applying the layered space-time or only at the level of the decision function Ψ(.), defined in (6)? We consider both cases where r precedes T and the opposite structure, denoted respectively by the subscript "rT" and "Tr". For simplicity, we consider the same system configuration as in Section II, but with only one group of users. In this case, spreading is ignored and receivers are equivalent to two decorrelators based on layered space-time as shown in Figure 2 , and denoted Tr-BLAST and rT-BLAST, respectively. In Appendix A, we prove this equivalence for the case of the rT-type receiver. A similar proof could be done in the case of the Tr-type receiver. For more details, the reader is referred to Appendix A.
The above receivers, and in contrast to previous work [14] , present a space matched filter followed by a layered space-time unit. Using the notations introduced in Section II, the received vector r satisfies the following equality r = Hb + n (9) in which n is a Gaussian noise vector with zero mean and σ 2 I M as a covariance. The sufficient statistic vector, Y Tr , for Tr-BLAST satisfies
where R Tr is the channel cross-correlation matrix andñ Tr is a complex-valued zero-mean Gaussian random noise-vector with covariance matrix σ 2 R Tr . The Tr-BLAST detection algorithm consists of the same steps and operations as in Section III.B.2, using as a cross-correlation R Tr (j) = H(j) H H(j) for the jth iteration. The sufficient statistic vector is then defined for the next iteration by
whereb(j) denotes the estimated vector of b at the jth iteration and contains all the previously estimated
The sufficient statistic vector, Y rT , for the rT-BLAST decorrelator is given by
whereñ rT is a real-valued zero-mean Gaussian random noise-vector with covariance matrix σ 2 R rT .
To compare the two approaches, we first consider the range 0 
the minimum possible probability of error achievable by such receivers [15] . To show that the rT-BLAST decorrelator outperforms the Tr decorrelator in terms of the overall achieved BER when 0 < M ≤ P , we will prove the following
is the overall BER obtained by rT-BLAST using the optimal detection order of Tr-BLAST. The left part of this inequality is therefore immediate since
the optimal order in the rT receiver sense.
Next, in order to prove the right inequality, we evaluate the bit error rate for each receiver at each iteration. Let us consider first the Tr-BLAST decorrelator. The slicer input for the jth iteration satisfies
). Thus, the BER for the k j user is given by [10] 
where
Similarly, the BER of the k j th detected user with the rT-BLAST decorrelator, is estimated by the following equation
Recall that the only difference between these two decorrelators is that the order of the real operator and the non-linear transformation are interchanged. Hence, the BER of the rT-BLAST decorrelator for the k j th bit satisfies the following equality
To prove the right inequality in (13), we show in Appendix C that at any iteration j, the rT receiver would provide better performance for each user than Tr-BLAST, when using the same order of detection.
Intuitively, it is clear that taking the real part of a signal corrupted by a complex noise has to reduce the level of interference and improve the resultig BER. It is immediate that in such a case the rT receiver would outperform the Tr detector in terms of the overall BER. However, under imperfect interference cancellation the proof complexity is very high, and for simplicity we assume perfect interference cancellation. For more details, the reader is referred to Appendix C.
Next, for the second range P < M ≤ (2P ), note that Tr-BLAST will not function because its crosscorrelation matrix is singular. However, the rT receiver could be deployed because R rT is non-singular in this case. This is due to the rich scattering environment and the antennas separation, so the complex columns of the matrix H (P ×M ) (j) are real-linearly independent. Appendix B shows in general that for any real-linearly independent complex matrix F n×m , the matrix F H F is invertible only if n ≥ m, and
Re(F H F) is invertible only if (2n) ≥ m. Therefore, for the special case of real constellations, we propose to apply the Layered Space-Time scheme described in Section II to the real part of the sufficient statistic vector in order to obtain a better BER performance. This will also allow us to double the network capacity in terms of the number of users and hence system spectrum efficiency. A direct result, will be to double the number of users in the case of BPSK modulation and thus achieve the same system spectral efficiency as with 4-QAM. The result, in fact, confirms the work in [24] .
IV. SIMULATION RESULTS
We investigate here the performance of the proposed multiuser detector. We first consider the effect of the grouping and spreading factors for the LAyered Space-Time Multiuser Detector (LAST-MUD) using 4-QAM modulation. Then, we increase the system capacity by increasing the number of groups for a fixed configuration. Next, and in the rest of the section we consider BPSK modulation to demonstrate the performance of real constellations. We compare the rT and Tr-BLAST decorrelator performances, in order to confirm the conclusions of Section III. C. Then, we provide simulation results for LAST-MUD based on the rT-type decorrelator with BPSK modulation.
Throughout this section, we assume that the number of receive antennas per base station is fixed to 6, and the number of users and groups are varied.
A. LAST-MUD Performance with Complex Constellations
We analyze here the symbol error rate (SER) of LAST-MUD with 4-QAM modulation, using a total of 12 users. Figure 3 presents the effect of grouping on the system performance for a fixed spreading factor N equal to 15. It is clear that when all the users have the same code, or share the same group, our system performance is equivalent to V-BLAST (See Appendix A). Hence, we should have P ≥ K or M in this case; otherwise the receiver does not provide enough degree of freedom to separate between the coming signals. If K ≥ P , which is the case in Figure 3 when M = 12, the performance is very bad and the BER is about 0.5. Hence, to accommodate 12 users, we split them equally to 2, 3, 4 and 6 groups, so that we can use spreading to separate between the groups and layered space-time to increase the capacity. From the simulation results, we conclude that for fixed numbers of users, the larger the number of groups G, the better the performance, since more codes are being deployed. For example, the SER is limited to about 3 × 10 −1 when G = 1. However, at 10dB SNR with 3 groups, we achieve an SER of 2 × 10 −5 . Hence, with even a small spreading factor, such as 15, we can achieve a gain of the order of 10 −4 in the SER performance.
The second step consists of analyzing the effect of the spreading factor N . For this purpose, we consider a fixed configuration of 3 groups of 4 users each, and we vary N to have the following values 8, 10, 12, 15 and 20. Figure 4 .a) shows the SER variation. With a spreading factor of 8, which represents 67% of the users, we achieve a probability of error of the order 10 −3 at 10dB. A probability of almost 10 −5 is achieved when N is equal to 12 at 10dB SNR. On the other hand, we notice that the performance achieved with N equal to 15 is the same as that of one group of 4 users. Hence, with N = 15, the system of 3 groups of 4 users achieves a single group of 4 users performance. We notice also in Figure 4 .a), that when N = 20 we achieve the same SER limit. Thus, a spreading factor of 15 is enough to achieve the single group performance. As a result, a higher bandwidth expansion is not needed. We also analyze Hence, a spreading factor of the order of 32% of the number of users provides SER ranges very close to the single group case. A direct consequence is to extend these results to the special case where each user has its own code, or that different groups consist of a single user. With such a scheme, the performance of multiuser systems could achieve the single user system performance with low spreading factors.
In order to increase the number of users in the network, we fix the spreading factor to 15 and the number of users per group to 4. Then, we increase the number of groups to 3, 6, 9 and 12. We present the SER results in Figure 5 . We notice that with LAST-MUD, we can achieve an SER of the order of 10 −5
for 36 users at an SNR of 10dB, or 10 −4 for 48 users. We would like to note also that in Figure 4 .b), we show that 25 groups could be accommodated with N = 32 achieving almost the optimum performance.
Hence, LAST-MUD provides very high network capacities with very low spreading factors, and this can have a significant practical impact. 
B. rT and Tr-BLAST decorrelator Performance Comparison with Real Constellations
We focus here on the real constellation case. Although we proved in Section IV.C that rT detector outperforms the Tr receiver, we would like to observe these results by simulations. Hence, we compare the rT and Tr-BLAST decorrelators performance using simulation results for point to point communication systems, but with multiple transmit and receive antennas and BPSK modulation. Figure 6 shows the BER of both detectors using 6 receive antennas and 4, 8, 10, 12 and 15 transmit antennas, respectively.
The horizontal axis is the average spatial received signal-to-noise ratio for each transmit antenna. As explained in Section IV.C, it is expected that the Tr receiver performance drops dramatically when the number of transmit antennas M is larger than the number of receiver antennas P . This is explained by the fact that the receiver does not provide enough degrees of freedom to separate the coming transmitted signals, and hence, the cross-correlation matrix R Tr is singular (See Appendix A). This phenomenon is observed in Figure 6 , where we notice that the BER for (8TX, 6RX) is bounded by 10 −2 . In contrast, rT receiver achieves good ranges of BER such as 10 −6 at 7.5dB SNR. In addition, the BER gap between these two receivers is huge when 10 transmitter are deployed. But, as Figure 6 shows, when M > 2P , BER performance drops since R rT is singular (See Appendix B). This shows how system capacity is doubled via the use of the rT receiver while keeping low ranges of BER. Intuitively, ignoring the imaginary data contribution while processing the layered space-time detection minimizes the noise corruption and Figure 4) , we achieve the performance limit.
C. LAST-MUD Performance with Real Constellations
We consider here LAST-MUD performance for BPSK modulation based on the rT-BLAST decorrelator. As in the case of the previous analysis with 4-QAM, we investigate the effect of grouping. We fix the number of users to 12, the spreading factor to 15 and divide the users into 2, 3, 4 and 6 groups.
We found that grouping has the same effect on BER variations for real constellations as for complex constellations. For example, we found that a gain of the order of 10 −4 at an SNR of 2.5dB is achieved with 2 groups. A same order of gain is also obtained with 3, 4 and 6 groups. We also investigate in Figure 7 the performance of this system while increasing the number of groups with N = 15 for a fixed number of users per group (M = 10). We notice that a two group performance is the same as the single group case. The latter is also equivalent to the performance of the rT-BLAST decorrelator with 10 TX and 6 RX (See Figure 6) , as explained in Section IV.B. Hence, we conclude that with a spreading factor of 15, we achieve the single group performance for 20 users divided in 2 groups of 10, as shown in Appendix B. We also show in Figure 7 that we can further increase the network capacity to 50 users.
For example, considering a spreading factor of 15 and an SNR of 15dB, a BER of the order of 10 −5 is achieved. For complex constellations, the LAST-MUD permits us to achieve very high network capacities with very low spreading factors. High data rates and spectral efficiencies could be also obtained, and delay sensitive applications are very well served with this receiver. The performance achieved with the proposed scheme presents a significant improvement compared to traditional uncoded systems.
V. REDUCED COMPLEXITY LAYERED SPACE-TIME GROUP MULTIUSER DETECTION
The computational complexity of our proposed LAST-MUD receiver, as for any decorrelator-type detector, is high due to the inversion of the space-code cross-correlation matrix. In order to reduce system complexity, we propose in this section to apply a layered space-time technique to each group instead of all users as for LAST-MUD. The receiver structure will then present G blocks of layered space-time signal processing units corresponding to the G groups of users. To present this technique, we introduce some additional notations; namely, 
A. Serial-Layered Space-time Group Multiuser Detector
Inspired by the serial interference cancellation [5] , we propose a Layered Space-time Group Multiuser Decorrelator with Serial Group Interference Cancellation that we will denote by Serial LAyered SpaceTime Group MUltiuser Detector or Serial LASTG-MUD. A block diagram of this receiver structure is given in Figure 8 . The latter is composed of G branches connected serially. Each branch is dedicated to one group, and is composed of a group space-code unit (See Fig. 8.b) ) followed by a layered space-time signal processing unit. The first unit consists of despreading the group code, then matching the receiver to the channel seen by the corresponding group. The layered space-time unit will then extract the signal data transmitted by the considered group, and the detected set of data will be removed from the sufficient statistic vector of the remaining groups. This process will continue until all data are extracted.
As in the case of LAST-MUD, the detection process consists of first setting the group counter, g, to 0 and the estimated signal vector,b, to 0 1×K since no signal has been already detected yet. Then, the different groups of users are treated linearly in different branches each, and each group's signals set is detected in a similar way as described in Section II.B. Hence, a group initialization and a group iterative process are defined. In the first part, the group counter g is updated, g = g + 1. The group iteration index, i, is also initialized to 1. The group space-code cross-correlation matrix is computed as
The group vector input to the gth group space-code unit and corresponding to the pth receive antenna is given by r gp = X p (b −b) + n p . The estimated sets of data of the previous detected groups are thus removed serially. The group sufficient statistic vector is defined by
The next step consists of a group iterative process which consists of three steps as described before in Section II.B. First, the nulling vector, w k i , is obtained from the pseudo-inverse ofR 
Finally, the estimated signal interference is removed, and the sufficient statistic vector of the next 
and X gp (i + 1) is obtained by expurgating the k i column of X gp (i). This iterative process is continued until all data has been retrieved.
B. Parallel-Layered Space-time Group Multiuser Detector
To further decrease the system design complexity, we propose here to retrieve the groups data sets in parallel. Under this assumption, no interference cancellation between groups is deployed in this case (See Fig. 9 ). This receiver type will be denoted by Parallel Group LAyered Space-Time MUltiuser
Decorrelator or Parallel LASTG-MUD. It is clear that this new design leads to a faster receiver than the Serial LASTG-MUD since it needs only one group block timing to extract all the transmitted data from all the groups. However, the hardware requirement is multiplied by the number of existing groups.
We should also mention that the performance of this system is expected to present some degradation compared to the previous one since each group sees an interference from all the other groups. The detection algorithm of the considered system is similar to the previous one (Sec. V. B) with some minor modifications, which consist of defining an estimated vectorb g for each group instead of a common vectorb in the initialization part. The group input vectors to each group space-code unit are thus identical and equal to the received signals r p .
C. Complexity Computation
Both Serial and Parallel LASTG-MUD detectors consist of two parts as described in Section V.A.
and V.B. The first is a space/code matched filter, mainly used to separate the groups and cancel the group multi-access interference. The second part consists of a generalization of the layered space-time detection. The latter, assuming a zero-forcing criteria, computes a nulling vector for each user in order to estimate the transmitted data. In the proposed LASTG-MUD receivers, a user's signal is retrieved with regards to its group and independently of the users of the other groups. Therefore, the nulling vector of one user is chosen to be orthogonal to the space vector spanned only by the remaining undetected users in the same group. By doing so, Serial LASTG-MUD detection process, for example, involves the inversion of only the G cross-correlation M × M matrices,R 
It is assumed that both systems use the same spreading factor N and the number of receive antennas P .
Numerical examples are also provided in Table I to emphasize the complexity reduction achieved with a disjoint group detection structure. For instance, when the system presents 12 users grouped in 2 groups of 6 users, almost 80% of complexity reduction is obtained, and 90% when users are grouped into 3 groups.
Therefore, we notice that the complexity reduction increases with the number of groups in the system.
However, in such a case, the performance in terms of bit error rate (BER) is not expected to improve for a fixed bandwidth, which involves a tradeoff between system complexity and BER performance.
D. Performance Evaluation
We investigate here the performance of Serial LASTG-MUD and Parallel LASTG-MUD using BPSK modulation. We are especially interested in the tradeoff between complexity reduction and bandwidth expansion in order to keep a fixed QOS. The assumptions made in Section V are considered in the following simulations. 
)M )
D.1. Serial LASTG-MUD
In Figure 10 , we evaluate the performance of the Serial LASTG-MUD, for 12 users divided into groups of 6, 4, 3 and 2 users, with a variable spreading factor of 15, 32 and 64, respectively. From
Appendix B, we know that the performance limit that we can achieve with G groups of M users is defined Table. I), but the performance also drops to about 10 −3 . Bandwidth expansion appears to be one solution.
Thus, we consider N = 32 and 64 in Figure 10 . We notice that with N = 64, we obtain a BER of the order of 10 −5 at 7.5dB SNR. The complexity reduction is defined in this case by
and is about 75%.
D.2. Parallel LASTG-MUD
We analyze the performance of Parallel LASTG-MUD for 12 users divided also into 2, 3, , 4 and 6 groups, with N = 15, 32 and 64, respectively. We found that the effect of grouping and spreading factor on the BER variations is almost the same as that of Serial LASTG-MUD (See Fig. 11 ). Some degradation in the performance is also noticed due to the absence of the interference cancellation between the groups. In fact, if we consider the example with N = 64, we find that the BER is about 10 −5 at 10dB SNR with 2, 3, 4 and 6 groups. A complexity reduction of the order of 76% is also achieved in this case at the expense of bandwidth expansion by a factor 64 15 and an SNR increase by 2.5 dB compared to LAST-MUD. However, the Parallel LASTG-MUD receiver converges much faster than the Serial LASTG-MUD receiver, since it needs only one group block timing to converge instead of G block timing. Also note that the performance of these detectors could be further enhanced by considering more stages of interference cancellation.
VI. CONCLUSIONS
In this paper, we apply layered space-time processing for multiuser detection communication systems in fading channels. The multiple transmit antennas in V-BLAST are treated as individual mobile station transmitters, while the base station consists of multiple receive antennas. In the proposed system, users are organized in groups and allocated a unique spreading code within the same group. Using these codes, we are able to separate the different groups, and layered space-time algorithm is then invoked to further remove the remaining interference between users.
We first applied the layered space-time algorithm for all the users independently of their groups (LAST-MUD). A significant performance improvement and increase in system capacity are obtained for very low spreading factors. In addition, we have considered the special case of real constellation based modulations. We derived two decorrelators based V-BLAST, rT and Tr-decorrelators and we discussed analytically and also by simulation their performance. We showed that the rT-decorrelator outperforms the Tr receiver, and the gain in terms of BER or number of transmit antennas was very large. A Layered Space-Time Multiuser detector based on the rT-decorrelator is then derived when real constellations are used. We also proposed reduced complexity receiver structures, which consist of applying the layered space-time detection algorithm disjointly at the group level in a serial and a parallel fashion. We denote these receivers Serial LASTG-MUD and Parallel LASTG-MUD, respectively. Finally, a tradeoff between system complexity, bandwidth expansion and BER performance is investigated.
VII. ACKNOWLEDGMENTS
The authors wish to thank Min Yan from the Hong Kong University of Science and Technology for his assistance with the proof provided in Appendix B and his helpful comments.
Appendix A
In this appendix, we show by induction that the rT-BLAST decorrelator and the LAyered SpaceTime Multiuser Decorrelator (LAST-MUD) are equivalent when the network presents only one group of M users and P receive antennas. Thus, we consider rT-BLAST system with M users, and a LAST-MUD system with one group of M users and a spreading factor N . We will first show that at the first iteration in the detection algorithm, both systems present the same cross-correlation matrix and equivalent received decision statistic vectors.
Consider the rT-BLAST receiver first. Using the notations defined in Section III, the space crosscorrelation matrix is given by
The received decision statistic vector is an M vector
with the noise vector component having a covariance equal to σ 2 R Tr . In the LAST-MUD system, we have G = 1, K = M users and a spreading factor N . The spreading matrix will be given by 
Since all the users belong to the same group, then the code cross-correlation matrix is given by 
Thus,R 
We note that the noise vector in Y MU is with a covariance σ 2 R Tr , which is equal to σ 2R MU . Hence, both received decision statistic vectors and cross-correlation matrices are equivalent in both systems at the first iteration. This implies that the first detected bit in both systems is the same.
Recall that the whole process includes M steps. For the first step, we showed that both systems are equivalent. Now assume that they are equivalent in the jth step and let us show that this is also true for the (j + 1)th step. Since equivalence in jth step is assumed, thenR MU (j) = R Tr (j). Hence, their pseudo-inverse is the same and the order of the detected bits is the same in both systems based on Eqn. 4.
Thus, after interference cancellation, the system for the (j + 1)th step is equivalent to a deflated version of the jth step from which users k 1 to k j have been removed. Therefore,R MU (j + 1) = R Tr (j + 1).
